There is a sequence of random numbers x 1 , x 2 . . . , xn and so on. Numbers are independent of each other, but all numbers are from the same continuous distribution. If
Average distnace between local maxima
Let's take any number in the sequence and find out the probability that it's a local maximum.
Definition 1.
A number x i is a local maximum, if the following condition is true
First, we'll use a combinatorial approach. Consider the following sequence (Figure 1 ) of pseudo-random numbers generated by MS Excel RAND() function:
(1) 0.935536495 (2) Let's take any three consequitive numbers x i−1 , x i and x i+1 . For instance, for i = 3 we have: x 2 = 0.191531578, x 3 = 0.429049655 and x 4 = 0.308968021. In this case, x 3 is a local maximum. If we denote the greatest value as 2, the least value as 0 and the value in the middle as 1, then we have a triplet (0,2,1). Any three consequitive numbers can be represented by such triplet. Out of six possible permutations (0,1,2), (0,2,1), (1,0,2), (1,2,0), (2,0,1) and (2,1,0) we are interested only in two combinations, which represent local maxima (0,2,1) and (1,2,0). Therefore, if we take any three consequitive numbers, then the probability that the number in the middle is a local maximum is P max = 2 6 = 1 3 If we have 3 · N numbers in the sequence, then N of them are local maxima. It also means that the average distance between maxima should be exactly 3. Now, let's introduce some additional notation and use an operator approach. When x i−1 < x i we'll put an operator U , i.e. the sequence goes "up". Alternatively, when x i−1 > x i we'll put an operator D, i.e. the sequence goes "down". For our sample sequence, the corresponding operator sequence is:
(1) 0.935536495 We can apply our new notation to triplets and see that (0,1,2) becomes U U (0,2,1) and (1,2,0) become U D (1,0,2) and (2,0,1) become DU (2,1,0) becomes DD Having a new notation, we can use it to compute the probability of appearance of a local maximum in the middle of any triplet. We are interested in triplets represented by U D , because it's the only expression, which represents a local maximum in the middle of a triplet. We shall use a standard cumulative distribution function (CDF) F (x), defined as a probability of x ≤ x i :
, where f (x) is PDF (probability density function) of x. This also could be written as
On the other hand, probability of x > x i is
Now, we can write the following formula
The first integral declares that the first number in a triplet U D can have any value. The next integral says that the number in the middle of a triplet should be greater than the first number. Finally, the third integral is for the trailing number of a triplet, which should be less than the previous number. It's easy to compute the probability as follows
We got the same number in both combinatorial and operator approaches.
PMF of distances between local maxima
Now, it's time to advance our notation. Let's break up U D into pieces.
Definition 2. Operators ,U ,D and are defined as
Armed with this notation let's look at any quintet of numbers from i − 1 to i + 3. If it happens so that the numbers come like (0,2,1,4,3), then we got two local maxima x i = 2 and x i+2 = 4. The distance between these maxima is (i + 2) − i = 2. This quintet can be represented by an expression U DU D . Such quintet in our sample sequence can be found at i = 10: (x 9 = 0.877254876, x 10 = 0.973280207, x 11 = 0.489033299, x 12 = 0.912367351, x 13 = 0.604552972). Definition 3. If x i is a local maximum, and the next nearest maximum is the number x j , the the distance between maxima is j − i. Now, we can compute the probability of the distance between local maxima equal to 2
, where d is a distance between local maxima and f m (d) is a probability mass function (PMF) of the distribution of these distances. Notice the denominator. It is necessary to divide the probability of the quintet by the probability of the maximum in its first three numbers (triplet). Consider the quintet (x 10 = 0.973280207,x 11 = 0.489033299, x 12 = 0.912367351,x 13 = 0.604552972,x 14 = 0.039395302) from the sample sequence above. Its operator expression is DU DD , which doesn't seem to represent two maxima on distance 2. Let's add the number x 9 = 0.877254876 and look at the resulting sextet. This sextet's operator expression is U DU DD . It starts with U DU D . Clearly, our original quintet is a part of a sextet with two maxima on distance 2. Therefore, we have to take into account those quintets, which are not represented by U DU D , but these quintets could be parts of sought quintets. Probability P max in denominator includes those quintets, which would be left unaccounted otherwise.
This formula can also be interpreted in terms of conditional probabilities as follows
, where event A ∩ B is a quintet with one maximum in its head and one maximum in its tail, event B is the maximum in first three numbers of a quintet, and event A|B is two maxima on a given distance from each other. Using the same methodology it's easy to show that the probability of the distance 3 is
In order to see why there are two terms in the numerator, consider these two sextets (0,2,1,3,5,4) and (0,3,2,1,5,4). The following is the table with formulae for the next 3 distances
Results
In order to compute a probability of a given distance between maxima, we have to identify corresponding integrals, evaluate them and sum them up. For example, computing the probability of distance 4 involves evaluation, see equation 2.4. A simple analytical expression for the sums of integrals in numerators of the above probabilities was presented by Gleb Oshanin [6] :
In [6] a set of similar problems are studied, e.g. permutation generated random walks, by using a different and more generic approach. However, the equation 3.1 can be used to to derive the probability of distances between local maxima:
We were not aware of this work, and in absence of a simple analytical expression for a sum of integrals in the PMF equations (such as 2.4), we wrote a Java program, which does all required work. First, it generates the necessary integrals using our operator notaion, e.g. U DU 3 D + U D 2 U 2 D + U D 3 D . Next, it evaluates the corresponding integrals and sums symbolically. 
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We tested validity of a computed PDF table on several random and pseudorandom number sequences. For pseudo-random number sequences we used Java's standard pseudo-random generator java.lang.Random and Daniel Cer's Java implementation [1] of notorious RANDU generator [2] . We used Mads Haahr's True Random Number Service web site [3] as a source of "true" random numbers. We modified the supplied Java client, which connects to the server and retrieves the true random number batches. We generates random number sequences using these methods and compared them with the theoretical PMF using several tests such as Kolmogorov-Smirnov and χ 2 goodness of fit tests, see chapters 1.3.5.15 and 1.3.5.16 in [4] . Also, according to the central limit theorem in large samples the standard deviation of the average distance between maxima should approach σ √ n , where σ is the standard deviation of the distances in the population and n is the size of the sample [5] . We used this feature to compare sample average distances to a theoretical average distance 3.
As expected, java.lang.Random's and "true" random sequences were consistent with our PMF on any sample sizes varying from 100 to 100,000,000. Surprisingly, RANDU-generated sequences were also compliant with this PMF. When deriving this PMF, we assumed that numbers in the sequences are independent of each other. RANDU generator has a well known deficiency: its numbers are not independent. However, as it was noted before, it fared well in our tests.
The table 3 shows sample statistics for "true" random and RANDU generated sequences compared to theoretical frequencies of distances between maxima. Both samples are distributed as predicted by theoretical PMF f m (d), they pass χ 2 goodness of fit test with higher than 0.99 probabilities. Their average distances are also within the 3 · σ area of a theoretical value of 3. The p-value for the latter test is the probability of the deviation from the theoretical average distance greater than of the observed value. We constructed a simple method of computation of PMF of the distribution of distances between local maxima in random number series. We confirmed that selected pseudo-random and true random number sequences are distributed according to this PMF.
